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The algorithm explained to your grandmother

The problem (again)

Suppose you gave a test to your students with two binary questions

(T, F). Each student writes the answer to each question in different sides
of a card. As a teacher you are interested not in finding out the actual
replies, but to characterise the behaviour of each student either as

® constant: replied either (T, T) or (F, F)

® balanced: replied T to one of them and F to the other

The classical approach
Inspect both sides of the card, one at a time.

Each card needs to be inspected two times
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The algorithm explained to your grandmother

A quantum computer doesn't look at the front, flip it, and look at the
back, but performs three basic steps only possible in quantum reality:

® Superposition: In the quantum world cards are not solid pieces of
paper, but something more fluid that can be read both in sides at a
single glance.

® Engineering: The computer cannot tell you what the actual answers
are (this is a physical impossibility called the state collapse.)
Instead, the light wave splits into two distinct paths (one wave
tracking the front of the card, and one wave tracking the back).

As these two paths interact with the card, the answer on that side
changes the phase (the alignment) of that specific wave:

e [fit finds T, it leaves the wave unchanged.

e |f it finds F, it flips the wave upside down (a 180° phase shift).



Deutsch revisited Oracle-based computation Phase kick-back Bernstein-Vazirani's problem Deutsch-Josza's problem
00e00 00000 00000000000 000000000 00000000

The algorithm explained to your grandmother

® [nterference:
Now the waves merge, and the result is projected on the wall:

® |f both answers are equal, the waves add to a giant wave,
reinforcing each other, and creating a bright peak on the wall.

® |f they are different, they perfectly cancel each other out,
leaving no mark on the wall.

When looking at the wall, the teacher instantly knows the student?s
profile at a glance (i.e., with a single reading of the card)
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The algorithm explained to your grandmother

The main issues

® A form of natural parallelism (based on the superposition of
information)

® An algorithm to engineer the interference (the phase change itself
cannot be seen but influences the result)

A note for your grandmother

® The Deutsch algorithm was the very first proof that a quantum
computer could solve a problem exponentially faster than a
traditional computer.

® And it scales up: One may play the same magic for tests with
millions of questions. Where a regular computer would take a billion
years to flip and check every side, a quantum computer can still do
it in one single glance.
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More accurately
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interference pattern

Basic ingredients
® Input in superposition (leading to some form of 'natural parallelism’)
® An oracle for f taking the form of a controlled gate on the input

® A specific preparation of the first qubit (to induce some sort of
interaction)
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Input on demand

Usually, input is provided to the computational process once and for all in
the form of a value, e.g., a binary string.

In this class of algorithms, however, the input is hidden, provided as a
function

f:2" — 27
to which the process has limited access: it can only evaluate it on specific
values.

A query selects a specific string s € 2" and the oracle returns to the
computational process the string f(s) € 2.

The efficiency of an algorithm in this model is related to the number of
queries it requires.
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Input on demand

Examples of query problems

e |nput: £:2" — 2
Problem: Decide if there is a string s st f(s) = 1.

e |nput: £:2" — 27

Deutsch-Josza's problem
00000000

Problem: Output the smallest string in {f(x) | x € 2"} (assuming
the function outputs represent integers, the problem is to find their

minimum)

® Input: f:2" — 2 with a promise (e.g. there is only one string s

for which f(s) =1).
Problem: Find s
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Oracles

Access to input is provided by an oracle.

Oracles, however, are not simply functions f : 2" — 2™ extended to
linear maps C2" — C?", because often they do not correspond to unitary
matrices.

They are built instead as

bly) = Ix)ly & f(x))

as discussed in the previous lecture.
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Example

Let 1 : {0, 1P — {0, 1} be such that 7(01) =1 and evaluates to 0
otherwise.
Oracle Ur(x)ly)) = Ix)|ly @ f(x)) can be tabulated as

100)/0) = [00)|0)  [00)[1) +— |00)[1)
[01)|0) — |01)]1) |01)[1) — |01)|0)
110)10) — [10Y0)  [10Y[1) s [10)[1)
[11)[0) = [11)[0)  [11)[1) — [11)[1)

which corresponds to

> (x X =

x€{0,1}?
= 100)(00| ® I 4 101)(01| ® X + [10)(10| @ I + [11)(11]|®
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Example

Or, in matrix format,

Ur =

oo o —

o o X o

o —-o0oo

-~ oo o
cocooroooo
cocorroOoo0o0OoOo
O o000 OO
_—ooooooo

OO OO OO OK
QOO OO O O
[ecNeNeNeolNoNoNe]
OO OO OoO OO
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Back to the Deutsch algorithm

What is new in quantum evaluation of Boolean functions is the ability to
act on a superposition, e.g.

D X0y = Y bolf(x

i.e. all results are computed in a single execution

But also interesting is the effect of starting with |—):
2 Wi = ) )

which indeed generates the suitable interference.
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Revisiting the Deutsch algorithm
The oracle
ly) = X))y @ f(x))

leaves the first qubit unchanged, but modifies the second one.
Look again, however, how the oracle behaves in the circuit

—E= =

Ur

when processing H|0)|—) = [+)|—), leading to
3 ((C1FO0) ) + (~1) D))
Pulling (—1)f(®) out of the sum, yields

L(=1)O) (j0))=) + (~1) @ D))
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Revisiting the Deutsch algorithm

Making the conditional structure explicit, this equivales to

(FDH)l=) if £(0) @ (1) =0 (ie, £(0)=F(1))
(F)[=)=) it f0)@f(1) =1 (ie, f(0) #f(1))

which later, after applying the final H to the first qubit, leads to

f(1)
f(1)

(£D)I0)|=) if £(0) =
(FDM)=) if £(0) #

providing a solution to the Deutsch problem.

But now the second qubit remains unchanged and a phase factor is
kicked back to the first one.
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What's under the carpet?

Let’s try to understand what explains this kick back behaviour. Clearly,

lb® 1) = |=b) = X|b) = X'|b)
b@®0) = |b) = I|b) = X°|b)

that is,
|b® c) = X|b) for by,c €2

Therefore,
Ur(1a)|b)) = la)lb @ f(a)) = [a)XT(2)|b) for a,b € 2
and, by linearity (why?),

Ur(la)lv)) = Ia)Xf(a)\v> for for any vector |v)



Deutsch revisited Oracle-based computation Phase kick-back Bernstein-Vazirani's problem Deutsch-Josza's problem
00000 00000 0O000e000000 000000000 00000000

What's under the carpet?

Making |v) = |-), yields

Ur(layl=)) = layX 2 |—)

Finally
~ layn-) = la)=) if f(a)=0
Ur(la)l—)) = {|a>X|—> = [a)(—|-)) = —la)|—) iff(a) =1
because

Il=) =I=) and X|—) = —|-)

which means that (—1,|—)) is a eigen value/vector pair for operator X
(and, similarly, (1,]—)) for I).
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A even simpler example: the behaviour of cX

cX

——
Lo ) o |

0o x| e xy) =[x, x D y)

where |x) is called the control qubit, and |y) the target qubit.
Clearly,

cX[0)lo) = 10)/|9)
X[Dle) = 11)Xle)

Seen as an oracle, note that input is presented at the control qubit and
output is produced on the target qubit.
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A even simpler example: the behaviour of cX
Consider now a special case: prepare the target qubit with |[—) = ‘O>\;§“>
which, as seen before, is an eigenvector of both

® X (with A =—1) and of / (with A =1)

® and, thus, X|O>\;§|1> = —1‘()>\/§‘1 and I‘O\f ) = 1‘0>\}2‘1>

Therefore,

X 1) <|0>\%1>> _

- <|o \@D) - ()

AA
A

while cX [0) (‘°>—‘1>)
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A even simpler example: the behaviour of cX

A phase (1 or —1, i.e., the corresponding eigenvalue)
jumps, or is kicked back

from the second (target) to the first (control) qubit where the input is
presented.

This effect is suitably recorded in the following formulation of cX:
cX|b)|-) = (—1)°|b)|—)  with b€ 2

Observe now that, through the kick-back effect, ouput arises in the
control qubit, whereas the target qubit remains unchanged.
Example:

() () - (%) ()
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The phase kick-back pattern

This can be generalised to every controlled quantum operation:

I/ U I/

Let v be an eigenvector of U with eigenvalue e®, (i.e. Uv = e®v). Thus,

cU((ocIO) +RI® v)
U(x]0) @ v+ BI1) @ v)
al0) @ v+ Bl1) ® Uv
«f0) @ v+ BI1) @ v
= ad0)@v+eBll)®v
= («[0) +ePB[1)) @ v

I
o)
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The phase kick-back pattern

® Global phase e'® (introduced to v) was 'kicked-back’ as a relative
phase in the control qubit

® Some information of U is now encoded in the control qubit

In general kicking-back such phases causes interference patterns that give
away information about U.
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Our two examples

in the cX gate: cX|b)|—) = (—1)°b)|—)
in Deutsch algorithm: Ut|x)|—) = (—1) ™|x)|=)

Note
The oracle in the Deutsch algorithm takes the form of a generalised cX:

D X

x€{0,1}"

o { ==}

w — e r@)
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The Bernstein-Vazirani algorithm

Let 2" ={0,1}" ={0,1,2,---2" — 1} be the set of non-negative integers
(represented as bit strings up to n bits).

The problem
Let s be an unknown non-negative integer less than 2", encoded as a bit
string, and consider a function f : {0, 1}" — {0, 1} which hides secret s as
follows: f(x) = x - s, where - is the bitwise product of x and s modulo 2.
i.e.

X+S5 = X151 D x2S D -+ D XpSh

Find s.

Note that juxtaposition abbreviates conjunction, i.e., x151 = x3 A\ 51



Deutsch revisited Oracle-based computation Phase kick-back Bernstein-Vazirani's problem Deutsch-Josza's problem
00000 00000 00000000000  O®0000000 00000000

Setting the stage

Lemma
(1) Forabe?2
(—1)2(—1)° = (—1)*®*

Proof sketch
Build a truth table for each case and compare the corresponding contents.

Lemma
(2)  For any three binary strings x,a, b € 2"

(x-a)®(x-b)=x-(a®b)
Proof sketch

Follows from the fact that for any three bits a, b, ¢ € 2 the equation
(aAb)® (aNc)=a/\(b® c) holds.
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Setting the stage

Lemma
(3)  For any element |b) in the computational basis of C2,

Hib) = & ¥ e (—1)27I2)

Proof sketch
Build a truth table and compare the corresponding contents.

Theorem
(1)  For any element |b) in the computational basis of C%",

H®n|b> \/27 Zze2" )b'z|z>

Proof sketch
Follows by induction on the size of n.
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The Bernstein-Vazirani algorithm

‘ How many times f has to be called to determine s?‘

® (lassically, we run f n-times by computing

f1...0)=(s/A1D)E---®(s,N0) =35

f0...1) = (51 \NO)D--- D (s, \N1) =5,

® With a quantum algorithm, we may discover s by running f only
once
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The circuit

parallelism wave collapse
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interference pattern (created by phase kickback)
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The computation

H®n|0>|_>

= ﬁ 2 ze2n 12)12) {Theorem (1)}
’%’ ﬁ Y en(1)DI2)|-) {Definition}
Hﬁ@l 217 zezn(_l)f(z)<Zz/ezn(_1)zz,|z,>>|—> {Theorem (1)}
= 3 X seon Xy (1) |2 ) {Lemma (1)}
= 3 Y sem Ly (1) 820127 {Lemma (2)}

=ls)l=) {Why?}
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Why?

First observe that

1 1 fw=0
- —1)7v —
2"2€Z2n( ) 0 ifw#0

The reason is easy to guess:

e forw=0, &5 (1) =LyT 1=1

Deutsch-Josza's problem
00000000

® for w # 0, as z spans all numbers from 0 to 2”7 — 1, half of the 2"

to 0.

factors in the sum will be —1 and the other half 1, thus summing up
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Why?

. = %Z Z (71)2-(5®z’)|21>‘f> - ...

ze2n z'e2n

In our case
® w=s5@~Zz, for each z’

¢ and (s®z')=0 iff z/ =5

Thus, the only non-zero amplitude is the one associated with s.
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Why?

Alternatively, consider the probability of measuring s at the end of the
computation:

|2 e (1) (09 ?
012
3 2 zeon(—1)7?
2
71" Zz€2" 1’

272
27

=1

This means that somehow all values yielding wrong answers were
completely cancelled.
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Deutsch-Josza

The Problem
Take a function f : {0,1}" — {0, 1}, which is known to be either constant
or balanced.

Find out which case holds.

Classically, we evaluate half of the inputs (22—n = 2”*1), evaluate one more
and run the decision procedure,

® output always the same = constant
® otherwise = balanced

which requires running f 2”71 + 1 times.
A quantum algorithm replies by running f only once.
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interference pattern (created by phase kickback)
Actually, the algorithm is the same used to solve the Bernstein-Varziani
problem.

More precisely, the problem is solved with the Bernstein-Varziani
algorithm for a function satisfying the Deutsch-Joza promisse.
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The computation

H®n|0>|_>

= ﬁ 2 e |2)-) {Theorem 1}

% 7 2 e (11PI2)1-) {Definition}
®n ,

Pk Zzezn(—l)“z)(Zz/@n(—l)” Iz’>) ) {Theorem 1}

[J upper qubits
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Developing [ by case distinction

f is constant

QL" ZZGZ"(_l)f(Z) < Zz’ezn(_]-)zz’lz/>>
= 2D L e ( e (177129

Therefore, at state |0) is

‘f is constant at 1‘ ~ _g")m) = —0)

‘ f is constant at 0‘ ~ (2—n)|0> = |0)

Deutsch-Josza's problem
000@0000
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Developing [ by case distinction

Actually the probability of measuring |0) at the end given by

LEDY (170

2
%(il) Zz€2" 1|
2" 2

2

n
n
n

1

So if f is constant we measure |0) with probability 1.
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Developing [ by case distinction

f is balanced

1

b T a1 ( Larem-11712)

= 3 (Secror ol DSl -17712)
+ 2 seon (o) (1)) ( Zz/ezn(—l)z‘2/|2’>))

1

— 3 Zecrsioro ( Zoan(-1077120)
+ Zerioral D T (1077121 )

Deutsch-Josza's problem
00000800
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Developing [ by case distinction

Probability of measuring |0) at the end given by

2
2%' ( ZZE?",fKZ)zo(_l)Z.O + Zzezn,f(z):l(—l)(—l)z.o) ‘
2
= 21n <Zz€2",f(z]:0 1+ Zz€2",f(z):1(_1)) ‘

1

2
n (Zz€2",f(z]:0 1—- ZZ€2”,f(Z)—11) ‘

0

So if f is balanced we measure |0) with probability 0
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Concluding

’ Deutsch problem ‘

Classically, need to run f twice. With a quantum algorithm once is
enough.

’ Bernstein-Varziani problem ‘

Classically, need to run f n times. With a quantum algorithm once is
enough.

’ Deutsch-Joza problem ‘

Classically, need to evaluate half of the inputs (% = 2""1), evaluate one
more and run the decision procedure,

® output always the same = constant
® otherwise = balanced

With a quantum algorithm once is enough.
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