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Moti vation

How to drive software production into solid engineering standards?
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How to drive software production into solid engineering standards?

An old recipe from school physics:

% Understand the problem
# Create a mathematical model
# Reason within the model

% Calculate a solution ( an implementation )
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The Approach

¥ combine previous experience with model oriented formal design
methods (vom and camiLa [AMAST'97])

% .. with the “tradition’ of program calculi driven by (initial or nal)
type speci cations

cf., systematic derivation of algorithms in a way that
correctness is guaranteed by construction

“twin' concern in functional programming [McCarthy original
papers, Backus FP]

Bird-Meertens ‘school' [BM87] of mathematics of program
construction
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The Approach

Can this emphasis on calculation and the underlying modelling
principles be extended to the world of dynamic, state-based systems?
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The Approach

Can this emphasis on calculation and the underlying modelling
principles be extended to the world of dynamic, state-based systems?

¥ Key: resort to the algebra vs coalgebra duality as a mathematical
“explanation' of the intuitive symmetry between data and
behavioural structures
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The Approach

Can this emphasis on calculation and the underlying modelling
principles be extended to the world of dynamic, state-based systems?

¥ Key: resort to the algebra vs coalgebra duality as a mathematical
“explanation' of the intuitive symmetry between data and
behavioural structures

... a big'topic: from ‘nonwell-founded' sets [Aczel88]

to "behavioural satisfaction' [Reichel81] and " nal semantics'
[Plotkin, Rutten, Turi 93]

to axiomatic coalgebraic speci cation [Jacobs97] and
“coalgebraic logic' [Moss99]

... partly documented in the Cmcs series (from 1998)
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The BasicSymmetry

(Initial) algebras are abstract description of data structures

[nilbcond:1+ O L ! L

In general:
ee
a tool box:
an assembly process: artifact T artifact

The emphasis is on construction
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The BasicSymmetry

(Final) coalgebras are abstract descriptions of systems' behaviours

hat:tm :U ' O U
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The BasicSymmetry

(Final) coalgebras are abstract descriptions of systems' behaviours

hat:tm :U ' O U

In general:

a lens:

an observation structure: universe | __universe

The emphasis is on observation
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The Obserwvational Viewpoint

Dynamical Systems

¥ internal state space (‘memory' and persistence)

* possibility of interaction with other components during
the overall computation

¥ observable through well-de ned interfaces to ensure
o w of data

found everywhere: from sophisticated plant control systems to
formal automata or domestic appliances.
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Observation Shapes

# “opaque'
U =1
% black & white
U =2
¥ colouring
U=20
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The Obserwvational Viewpoint

Observation Shapes

¥ partiality

U=U+1
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The Obserwvational Viewpoint

Observation Shapes

¥ partiality

& visible attributes
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The Obserwvational Viewpoint

Observation Shapes

¥ partiality

& visible attributes

# external stimulus
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Observation Shapes

¥ partiality

& visible attributes

# external stimulus
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A parenthesis
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As our underlying 'semantic universe' assume an elementary

& space of types and typed arrows ...
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As our underlying 'semantic universe' assume an elementary

& space of types and typed arrows ...

# with the structure of a (partial) monoid
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As our underlying 'semantic universe' assume an elementary

& space of types and typed arrows ...
# with the structure of a (partial) monoid

¥ . taken in the sequel as sets and set-theoretical functions
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As our underlying 'semantic universe' assume an elementary

& space of types and typed arrows ...
# with the structure of a (partial) monoid

¥ . taken in the sequel as sets and set-theoretical functions

Function combinators are de ned by universal arrows

% associated to the product, sum and exponential constructions
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As our underlying 'semantic universe' assume an elementary

& space of types and typed arrows ...
# with the structure of a (partial) monoid

¥ . taken in the sequel as sets and set-theoretical functions

Function combinators are de ned by universal arrows
% associated to the product, sum and exponential constructions

% which behave ... as they should do (ccc structure)
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As our underlying 'semantic universe' assume an elementary

* space of types and typed arrows ...
# with the structure of a (partial) monoid

¥ . taken in the sequel as sets and set-theoretical functions

Function combinators are de ned by universal arrows
% associated to the product, sum and exponential constructions

% which behave ... as they should do (ccc structure)

Fxample: pointfree presentation of the product construction
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Universal property:

k=H:g , 1 k=f~ , k=g
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Universal property:
k=H;g |, 1 k=1t " 5, k=g

Laws:

1 Higi=f; 2 H;g=g
hq; 2l = idx vy
hg; hi f hg f;h fi

(i j) hghi = h gj hi
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End of parenthesis
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Systems& Behaviours

Simple Objects

p=htm:U ! O U
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Systems& Behaviours

Simple Objects

p=htm:U ! O U

The behaviour of p at (from) a state u is revealed by successive
observations (experiments):

[(pJu = <atu; at (mu); at (m (mu));:::>
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Systems& Behaviours

Mealy Machines

p=htm:U ! (O U
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Systems& Behaviours

Mealy Machines

p=htm:U ! (O U

Behaviours are elements of O' " — i.e., functions from non empty
sequences of | to O

[(Plu = <s:i> : athnextu) s;ii

where

(nextu) <> =u and (nextu) <s :i> = mhnextu) s;ii
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Systems& Behaviours

Fact: The behaviours of

-systems form a

-system

| = poot: branches: O'

where,

rooth; il = <i> and

branchesh; i1i =

1 (0 O

s: <] :s>
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Systems& Behaviours

Relating Systems

A morphism is a function connecting the state spaces which preserves
the dynamics, i.e.,
hat; mi
u 1 —Jo U

h id
Vv lhato;moi,o v

id h

at= at’® (h id)

h m=m® (h id)
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Systems& Behaviours

Fact: [[p)] is @ morphism from p to !
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Systems& Behaviours

Fact: [[p)] is @ morphism from p to !

Proof (check both conditions)

(root ([(p)] 1d)) hu;ii
f root de®nition g

([(p)] u) <i>
f [(p)] de®nition g

at h(nextu) <>; ii

f nextde®nition g

at hu; il
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and

(branches ([(p)] id)) hu; i
f branchesde®nition g

<s:j>: ((Pu)<i :s:j>
= f [(p) de®nition g

<Ss :|>: ath(nextu) <i :s>;jli

f nextde®nition g
<s :j>: ath(nextmhu;ii)s;ji
f [(p) de®nition g
(p)] (m hu;ii)
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Systems& Behaviours

Fact: Morphisms preserve behaviour

(Plu = [pIhu
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Systems& Behaviours

What's special about hO' " ;!i?

¥ There is always a morphism — [(p)] — to it from any

hJ; p = hat; mii
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Systems& Behaviours

What's special about hO' " ;!i?

¥ There is always a morphism — [(p)] — to it from any
hJ; p = hat; mii

¥ Because morphisms preserve behaviour, such a morphism is
unique
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Systems& Behaviours

What's special about hO' " ;!i?

¥ There is always a morphism — [(p)] — to it from any
hJ; p = hat; mii

¥ Because morphisms preserve behaviour, such a morphism is
unique

¥ | = hoot; branches is the nal Mealy machine

* example of a characterisation by a universal property
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v Mealy machines (on | and O) were introduced as systems
observed through

=(© )

_as a mapping to decompose the observable-universe' U
into an 'observation context' (O U)'
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v Mealy machines (on | and O) were introduced as systems
observed through
= (0 )

_as a mapping to decompose the observable-universe' U
into an 'observation context' (O U)'

¥ The pair hJ;pi is called a -coalgebra
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v Mealy machines (on | and O) were introduced as systems
observed through
= (0 )

_as a mapping to decompose the observable-universe' U
into an 'observation context' (O U)'

-coalgebra

% The pair hU: pi is called a
¥
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Interfaces are Functors

A functor is a function over our working universe of typed functions,
which which preserves identities and composition

Tldx - ide
T(f g =Tf Tg
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Interfaces are Functors

A functor is a function over our working universe of typed functions,
which which preserves identities and composition

... L.e., the (partial) monoid structure

Tldx - ide
T(f g =Tf Tg
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Final Coalgebrasand Behaviours

# Any morphism between two T-coalgebras preserves behaviour;
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Final Coalgebrasand Behaviours

# Any morphism between two T-coalgebras preserves behaviour;

% Whenever the space of behaviours of a class of T-coalgebras can
be turned on a T-coalgebra itself

!T:T ' TT

this is the nal coalgebra: from any other T-coalgebra p there is a
unigue morphism [(p)] making the following diagram to commute:
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ReasoningCoalgebraically

The universal property is equivalently captured by the following law:

k=fp] ., 't k=Tk p
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ReasoningCoalgebraically

The universal property is equivalently captured by the following law:
k=1fp] , 't k=Tk p

¥ Existence de nition principle (co-recursion)

# Unigueness proof principle (co-induction)
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ReasoningCoalgebraically

The universal property is equivalently captured by the following law:

k=1fp] , 't k=Tk p
¥ Existence de nition principle (co-recursion)
# Unigueness proof principle (co-induction)

cancellaton 't [p] = T[p)] p
reection [!71)] = id.

fusion [p)] h = [g] if p h = Th ¢

From which:
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ReasoningCoalgebraically

The universal property is equivalently captured by the following law:

k=1fp] , 't k=Tk p
¥ Existence de nition principle (co-recursion)
# Unigueness proof principle (co-induction)

cancellaton 't [p] = T[p)] p
reection [!71)] = id.

fusion [p)] h = [g] if p h = Th ¢

From which:
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Example: Lambek's Lemma

The dynamics of the nal coalgebra is an isomorphism

proof idea:

% Assume the existence of aninverse tto!t: 1 ! T 7.
Then, ¢+ !'v=id_ and!t =1idr .
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Example: Lambek's Lemma

The dynamics of the nal coalgebra is an isomorphism

proof idea:

% Assume the existence of aninverse tto!t: 1 ! T 7.
Then, ¢+ !'v=id_ and!t =1idr .

% Take one of this requirements and use it to conjecture a de nition
for 1 (or an implementation ...)
Note the use of the re ection law to introduce an anamorphism in
the calculation, instead of eliminating one
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Example: Lambek's Lemma

The dynamics of the nal coalgebra is an isomorphism

proof idea:

% Assume the existence of aninverse tto!t: 1 ! T 7.
Then, ¢+ !'v=id_ and!t =1idr .

% Take one of this requirements and use it to conjecture a de nition
for 1 (or an implementation ...)
Note the use of the re ection law to introduce an anamorphism in
the calculation, instead of eliminating one

, Then check the validity of this conjecture by verifying with it the
S other requirement
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Example: the conjecture step

= f re ectionlaw g

T br=[ 7))

f anamorphism universal characterisation g

by v e =T(C1 1) Iy

f as a functor T preserves composition g

T o1 =T ¢ The Iy

f cancel! + from both sides & ana universalg

T=[(T! 1)
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f replace 1 by the derived conjecture g

br KT

= f [T! 1) iIs a morphism g
TET! )] Tio

= f as afunctor T preserves composition g
TAT )] ')

= f just proved g

Tid

T

f as a functor T preserves identities g

Id(Tid )
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Example: Programming with Streams

Final system for

I
O




Example: Programming with Streams

Final system for

=0

' :hhdtli :0' ' O O'i

Behaviours coinductive types
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Stream Generation

hhd;tli
oh—o &
gen id gen
O M o o
gen = [(M]

M carries the "genetic inheritance' of the generating process

From a programming viewpoint it is the eureka! step
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Example: Programming with Streams

Coinductive De nition = behaviour speci cation under all the observers
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Coinductive De nition = behaviour speci cation under all the observers

(id gen M= hd;tli gen
= f Mde®nition g
(id gen) hd:idi = md;tli gen
= f  absorption and fusion g
hd;gen = Md gentl gen
= f structural equality g
hd gen=1id * tl gen= gen
= f going pointwise g

hd (gena) = a ™ tl (gena) = gena
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Example: Programming with Streams

Stream Merge

Ao A QS\!

id merge

Al A — A (At AN

g= td s (1 id)i
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Example: Programming with Streams

Twist

Op O (5)!

twist=[(h 1;si)] id twist

o oo (0 o)
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Example: Programming with Streams

merge(a ;b)) = (ab)’

l.e.

merge (gen gen = twist
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merge (gen gen = twist

= f mergede®nition g
(hhd ;s (th id)i)] (gen ger) = [h 1;9)
( f anamorphism fusion g

d ;s (tI id)i (gen gen = id (gen gen h ;9

f  absorption and re ection g
d gen ;s ((tl gen geni = id (gen gen h {;d
= f tI gen= genand hd gen=idg
his (gen geni = id (gen gen h ;s
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his (gen geni = id (gen gen h ;s

= f  absorption g

hi;s (gen geni = hq;(gen gen s
f sisnatural,ie,(f g s=s (g f)g

ha;s (gen geni = h ;s (gen gen
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Observational Equivalence

u v () [pPlu={[q]v
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Observational Equivalence

u v () [pPlu={[q]v

% indistinguishability relation on states

# intuition: the nal coalgebra is the coalgebra of all behaviours
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Observational Equivalence

u v () [pPlu={[q]v

% indistinguishability relation on states

# intuition: the nal coalgebra is the coalgebra of all behaviours

Alternative: two states are equivalent if related by a morphism h (why?)
Then

hu;vi2R ) u v

where R = fhx; h xij x 2 Ug.
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Observational Equivalence

u v () [pPlu={[q]v

% indistinguishability relation on states

# intuition: the nal coalgebra is the coalgebra of all behaviours

Alternative: two states are equivalent if related by a morphism h (why?)
Then

hu;vi2ZR ) u v
where R = fthx; h xij x 2 Ug.
Can this idea be generalised?

What properties must a relation R have
to conclude u v by checking if hu;vi isin R ?
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Example: Streams

Given p = hJ; haty; mpii and g = hV; hatq; mgii and states u and v

when do they generate the same stream?
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Example: Streams

Given p = hJ; haty; mpii and g = hV; hatq; mgii and states u and v

when do they generate the same stream?

% Check attributes: at, u = atq v,

% Assure continuation states mp u and mg v support identical
veri cation.

In other words, lookforR U V such that

hu;vi2 R ) at,u=atgv » hmpu;mgvi 2R
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Example: Streams

Given p = hJ; haty; mpii and g = hV; hatq; mgii and states u and v

when do they generate the same stream?

% Check attributes: at, u = atq v,

% Assure continuation states mp u and mg v support identical
veri cation.

In other words, lookforR U V such that

hu;vi2 R ) at,u=atgv » hmpu;mgvi 2R

: o R must be closed under the coalgebra dynamics — a bisimulation
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Looking for Genericity

Is there a generic notion of bisimulation (independent of interface T)?
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Looking for Genericity

Is there a generic notion of bisimulation (independent of interface T)?

Look for a coalgebra structure in R:

—hat: mi:R I O R
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Looking for Genericity

Is there a generic notion of bisimulation (independent of interface T)?

Look for a coalgebra structure in R:

—hat: mi:R I O R

such that

at =atp 1=atg 2 N m =mp Mg
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Looking for Genericity

A simple calculation yields:

at =atp =atg 2" m =mp Mg
f  re ectiong
at =aty, 1=atg 2™ hgq 20 m =my mq
f  fusion and absorption g
at =at, 1=atg 2" hys m; > mi=hm, 1;mg o2l
f structural equality g
hat; 1 mi=hat, ;mp 4 N hat; 2 mi=hty 2;mg 2
f  fusion and absorption g

) hatmi=hatmei 1 A (d o) hat;mi= hatgmgi 2
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Looking for Genericity

which asserts the commutativity of

1 2

uaQ R oY,
‘ :
0O ULO Ruo vV

P

for an arbitrary functor T:
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Looking for Genericity

which asserts the commutativity of

1 2

uaQ R oY,
‘ :
0O ULO Ruo vV

P

for an arbitrary functor T:
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Example: T =

Any relation preserving p and g dynamics is a bisimulation.
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Example: T =

Any relation preserving p and g dynamics is a bisimulation.

Because

1 =p 1N 2 =0 2
f structural equalityg

hy 5 2 1 =M 1,9 2
f  fusion and absorptiong

h1; ol = p q hy; o2l
f  re ectiong

- P q

f going pointwise g

hu:vi2 R if u2U”v2yVv

° ° ° ° ° ° °
Coalgebraic Structures inProgram Construction — p.42/58




Example: T = P(O

A similar calculation leads to

hu;vi 2 R )
Bhoxizpu - Inoyyiz qv - Xyl 2 R

N

Bhoyi2qv - noxi2pu Gyl 2R

which corresponds to Ccs strict bisimulation
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T-bisimulation

¥ Provides a “relational' view of coalgebra morphisms, as the graph
of a T-coalgebra morphism is a T-bisimulation.
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T-bisimulation

¥ Provides a “relational' view of coalgebra morphisms, as the graph
of a T-coalgebra morphism is a T-bisimulation.

¥ Hasa large theory (e.g., closed for converse and composition)
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T-bisimulation

¥ Provides a “relational' view of coalgebra morphisms, as the graph
of a T-coalgebra morphism is a T-bisimulation.

¥ Hasa large theory (e.g., closed for converse and composition)

¥ Entails a local proof theory for observational equivalence
(cf., ‘'main'trend in the literature)
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T-bisimulation

¥ Provides a “relational' view of coalgebra morphisms, as the graph
of a T-coalgebra morphism is a T-bisimulation.

¥ Hasa large theory (e.g., closed for converse and composition)

¥ Entails a local proof theory for observational equivalence
(cf., ‘'main'trend in the literature)

% .. to be contrasted with our calculational approach closer to
functional programming
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T-bisimulation

¥ Provides a “relational' view of coalgebra morphisms, as the graph
of a T-coalgebra morphism is a T-bisimulation.

¥ Hasa large theory (e.g., closed for converse and composition)

¥ Entails a local proof theory for observational equivalence
(cf., ‘'main'trend in the literature)

% .. to be contrasted with our calculational approach closer to
functional programming

% Two sides of the same coin: nal coalgebras are full abstract with
respect to bisimulation
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T-bisimulation

¥ Provides a “relational' view of coalgebra morphisms, as the graph
of a T-coalgebra morphism is a T-bisimulation.

Has a large theory (e.g., closed for converse and compaosition)

Entails a local proof theory for observational equivalence
(cf., ‘'main'trend in the literature)

functional programming

Two sides of the same coin: nal coalgebras are full abstract with

g
g
% .. to be contrasted with our calculational approach closer to
g
respect to bisimulation

g

Modal reasoning (again parametric on system's interface T)
[M0ss99, Jacobs99, Kurz01, ...]
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Coinductive Programming

¥ CHARITY [Cockett et al, 92] is based on the term logic of distributive
categories with a de nitional mechanism for categorical datatypes
l.e., for both initial algebras and nal coalgebras
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Coinductive Programming

W CHARITY [Cockett et al, 92] is based on the term logic of distributive
categories with a de nitional mechanism for categorical datatypes
l.e., for both initial algebras and nal coalgebras

¥ replaces the Cartesian closedness requirement, implicit in the
original approaches to categorical types, by the assumption that
all datatypes are strong
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Coinductive Programming

W CHARITY [Cockett et al, 92] is based on the term logic of distributive
categories with a de nitional mechanism for categorical datatypes
l.e., for both initial algebras and nal coalgebras

¥ replaces the Cartesian closedness requirement, implicit in the
original approaches to categorical types, by the assumption that
all datatypes are strong

¥ e, the underlying functor T possess a strength [Koc72,CS92]
T =) T(d )

whose effect is to distribute context along functor T
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The CchariTY Language

Primitive Types

nal object 1
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Primitive Types

nal object 1

product * with projections p0O and pl
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The CchariTY Language

Primitive Types

nal object 1

product * with projections p0O and pl

functions are not values and composition, instead of application,
IS the fundamental primitive
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The CchariTY Language

Primitive Types

nal object 1

product * with projections p0O and pl

functions are not values and composition, instead of application,
IS the fundamental primitive

IS a total language in the sense that any program has a guarantee
of termination: the term representing it always reduces to a head
normal form and, therefore, a response is computed

° ° ° ° ° ° °
Coalgebraic Structures inProgram Construction — p.46/58




The CchariTY Language

Primitive Types

nal object 1

product * with projections p0O and pl

functions are not values and composition, instead of application,
IS the fundamental primitive

IS a total language in the sense that any program has a guarantee
of termination: the term representing it always reduces to a head
normal form and, therefore, a response is computed

... either lazily or eagerly depending on the types involved being
coinductive or inductive, respectively
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The CchariTY Language

Coinductive Types

data S->T(A) = 01:S->E{(A;S)| ::: | on:S->ELAS).
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The CchariTY Language

Coinductive Types

data S->T(A) = 01:S->E{(A;S)| ::: | on:S->ELAS).

Formally, T( A) is the nal coalgebra for a functor T, determined by a
signature of observers:

Y
hthogiiiont s 1, ! Ei(A; 1))l

parametric on A
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The CchariTY Language

Examples of Coinductive Types

data S -> stream(X) = head: S -> X
| tail: S > S.

data S -> colist(X) = delist: S > SFX * 93).
data S -> conat = denat:. S -> SF(S).
data U -> iTree A = node: U -> A

| g :: U-> U
| If . U -> U

° ° ° ° ° ° °
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The CchariTY Language

Examples of Coinductive Types

data S -> moor(,lO) =att : S -> O
| met : S > | = S.

data S -> mealy(l,0)

a S > 1 = §S* O.
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The CchariTY Language

Inductive Types

data T(A) ->S=c:Ei{(A;S)>S| ::: ] c:Eqn(AS)-> S.
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The CchariTY Language

Inductive Types

data T(A) ->S=c:Ei{(A;S)>S| ::: ] c:Eqn(AS)-> S.

T(A) is the initial algebra (again parametric on A) for the functor
determined by a signature of constructors:

hr.;[CiiiiCh]: Ei(A; 1) ! 14l
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The CchariTY Language

Examples of Inductive Types

data SF A -> C=ss: A-> C
| ff. 1 -> C.

data nat > C = zero: 1 -> C
| succ: C -> C.

data list A-> C=nl : 1 > C
| cons: A* C -> C.

data bTree (A, B) -> C = leal: A -> C
| node: B* (C * C) > C.
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The CchariTY Language

Combinators (for coinductive types)

unfold (strong anamorphism)

(s,0) => (| s=>01:pu(s, ©) | | On:pn(s.C) )

where
pp:S C ! Ei(A'S)

where S is the carrier of the source coalgebra and C the context type.
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The CchariTY Language

Combinators (for coinductive types)

unfold (strong anamorphism)
(s,¢) => (| s=>01:pu(s, ©) | | Onipn(s, 0 )

where
pp:S C ! Ei(A'S)

where S is the carrier of the source coalgebra and C the context type.

record (non-recursive unfold)

c=>( 0:f1(c | on:fn(C) )
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The CchariTY Language

Examples
def gen: int -> stream(int)
= w = (| x => head: x
| tail: X
) w.
def stream_gen{f} X -> stream(X)
= X = (| x => head: x
| tail: f x

) X
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The CchariTY Language

Examples

def twist: O* O -> stream(O)

=w= (| (Xy) => head: X
| tail: (Y,X)
) w.
def merge: stream(O) * stream(O) -> stream(O)
=w=> (| (xy) => head: head x
| tail: (y, tal Xx)

) w.
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The CchariTY Language

def fibb: int * int -> stream(int)

=X = (| (mn) => head: m
| tail: (n, add(m,n))
) X

def genfac: int * int -> stream(int)
= (hm = ( &y =>

head: x
tail: (mul(x,y), add(y,1))
) (0, m).
def factorial: 1 -> stream(int)

= () => genfac(l,1).
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The CchariTY Language

Combinators (for inductive types)

fold (strong catamorphism)
(s,0 =>{| ciisi=>di(s1,0)]| | ChisSn=>dn(Sn, 0 [} s

where
diZEi(A;S) cC ! S

where C is the context and S the carrier of the target algebra: ‘the
either of all such d;'
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The CchariTY Language

Combinators (for inductive types)

fold (strong catamorphism)
(s,c) => {| c1:s1=>d1(s1, 0] | Ch:Shn=>dn(Sh,0C) [} s

where
diZEi(A;S) cC ! S

where C is the context and S the carrier of the target algebra: ‘the
either of all such d;’

case (non-recursive fold)

(s,0) => { c1s1=>d1(Sy1, 0| | Chsn=> dn(Sn,C) } s
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The CchariTY Language

Examples
def len: list A -> nat
= | = {| nl : ( => Zzero
| cons: (, n) => succ n
I} L

def reduce{oper: M* M-> M, e 1 -> M} list(M) > M
= | = A nil §) => e
| cons: (a,pr) => oper(a,pr)

L
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The CchariTY Language

Combinators (for both)

map (functorial extension)

(t,c) => T{ X1=>h1(Xg, )| | Xm =>hm(Xm,C) }t

fOl'hiZAi cC ! AP
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