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Behavioural equivalences

Behavioural Equivalences — Intuition

Two LTS should be equivalent if they cannot be distinguished by
interacting with them.

Equality of functional behaviour

is not preserved by parallel composition: non compositional semantics, cf,

x:=4; x:=x+1 and x:=5

Graph isomorphism
is too strong (why?)
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Trace

Definition
Let T = (S, N,—) be a labelled transition system. The set of traces
Tr(s), for s € S is the minimal set satisfying

(1) €€ Tr(s)
(2) ac€Tr(s) = (35 : §€S: s AoecTr(s))



Bisimilarit:

Behavioural equivalences Similarit;

Trace equivalence

Definition
Two states s, r are trace equivalent iff Tr(s) = Tr(r)
(i.e. if they can perform the same finite sequences of transitions)

Example

alarm alarm

set | set

O
)(—‘

set

reset reset

Trace equivalence applies when one can neither interact with a system,
nor distinguish a slow system from one that has come to a stand still.
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Simulation

the quest for a behavioural equality:
able to identify states that cannot be distinguished by any realistic
form of observation

Simulation

A state g simulates another state p if

every transition from q is corresponded by a transition from p and
this capacity is kept along the whole life of the system to which
state space g belongs to.
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Simulation

Definition
Given (51, N, —1) and (S, N, —5) over N, relation R C 51 x Sy is a
simulation iff, for all {p,q) € R and a€ N,

(1) p1p = (3¢ : d€S: g4 A{p,d)ER)
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Bisimilarit:

Example

Find simulations
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Example

Find simulations

g Spo cf. {{qo0,po), (q1,P1),(qa, p1), (92, P2), (q3, P3) }
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Similarity
Definition
pSqg = (3R Ris asimulation and (p, q) € R)
We say q simulates p.
Lemma

The similarity relation is a preorder
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Bisimulation

Definition

Given (51, N, —1) and (Sp, N, —,) over N, relation R C $; X S, is a
bisimulation iff both R and its converse R° are simulations.

l.e., whenever (p,q) € R and a€ N,

1) p=1p = (3¢ : d€S: g4 A{p,d)ER)

/

(2) g-529 = @p : pPES: p-T1p Ap,q)ER)

PR Qq q P PR Qq
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Examples

Find bisimulations

A

CI2—>CI3

n—>q—>g— hQa
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Examples

Find bisimulations

a1 P1
VRN i
a
qz as P2
I | VN
aa as Pa Ps
a1 P1
VN l
a
(¢) a3 P2
i | SN
c b
44 as Pa Ps



After thoughts

= Follows a V, 3 pattern: p in all its transitions challenge g which is
called to find a match to each of those (and conversely)

= Tighter correspondence with transitions

= Based on the information that the transitions convey, rather than on
the shape of the LTS

= | ocal checks on states

= Lack of hierarchy on the pairs of the bisimulation (no temporal
order on the checks is required)

which means bisimilarity can be used to reason about infinite or circular
behaviours.
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After thoughts

Compare the definition of bisimilarity with

p==gqif forallae N

/

(1) p-21p = (3q : d€S%: g-0¢ Ap==()

/

(2)qi>2q/:><5|p :p/€51:pi>1p//\p/:: />
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After thoughts

p==gqif forallae N

(1) p=21p = B4 1 d €S 24 Np ==4)
/

(2) qé2q’:> (3p cp eSS p—a>1p’/\p’::q’>

= The meaning of == on the pair (p, q) requires having already
established the meaning of == on the derivatives
= .. therefore the definition is ill-founded if the state space reachable

from (p, q) is infinite or contain loops

= .. this is a local but inherently inductive definition (to revisit later)
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After thoughts

Proof method

To prove that two behaviours are bisimilar, find a bisimulation containing
them ...

= .. impredicative character

= coinductive vs inductive definition
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Properties

Definition

p~qg = (3 R :: Ris a bisimulation and (p, q) € R)

Lemma
@ The identity relation id is a bisimulation
@® The empty relation L is a bisimulation
© The converse R° of a bisimulation is a bisimulation
@ The composition S - R of two bisimulations S and R is a bisimulation

@ The |J,, Ri of a family of bisimulations {R; | i € I} is a bisimulation
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Bisimilarity

Properties

Lemma

The bisimilarity relation is an equivalence relation
(ie, reflexive, symmetric and transitive)

Lemma

The class of all bisimulations between two LTS has the structure of a
complete lattice, ordered by set inclusion, whose top is the bisimilarity
relation ~.
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Bisimilarity

Properties

Lemma

In a deterministic labelled transition system, two states are bisimilar iff
they are trace equivalent, i.e.,

s~s & Tr(s)=Tr(s)

Hint: define a relation R as

(x,y) € R & Tr(x) = Tr(y)

and show R is a bisimulation.
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Properties

Warning

The bisimilarity relation ~ is not the symmetric closure of §‘

ie, [pSgand g S p} does not imply {p ~ q}

19/43
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Properties

Warning

’The bisimilarity relation ~ is not the symmetric closure of <

Example
qo S po, Po S Go but po o qo

b
do P043>P1 ——pP3
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Notes

Similarity as the greatest simulation

< 4 U{S | Sis a simulation}

Bisimilarity as the greatest bisimulation

o 2 U{S | Sis a bisimulation}

21/43
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Bisimilarity Obser

able behaviour

Exercises

P,Q Bisimilar?

P:a.P1
Pi=b.P+c.P
Q=a@
Qu=bQ+cQ
@ =a@s

Q3 = bQ+ C.QQ

P,Q Bisimilar?
P =a.(b.0+ c.0)

Q=ab0+ac0
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Exercises

Find a bisimulation

‘
| e

—

S V
t—2> t3 v ty
a
a
o a
a
S1 S92 ;
a 1
a b a
a b
S3 S4
l2

23 /43



Behavioural equivalences Similarit; Bisimilarity Observable behaviour

Processes are 'prototipycal’ transition systems
Example: S ~ M

T2 kT
R2kj.R
SE£(T|R)\{k}

M=Eir.N
N=£jir.N+ijr.N

through bisimulation

R :{<57 M)>7 <(ET ‘ R)\{k}vT'N>7 <(T ‘JR)\{k}7 N>7
(k. T | j.R\{k}.j.m.N)}

24 /43



Behavioural equivalences Similarit; Bisimilarity Observable behaviour

Example: Semaphores

A semaphore

Sem £ get.put.Sem
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Example: Semaphores

A semaphore

Sem £ get.put.Sem

n-semaphores

Sem, £ Sem,,
Semp £ get.Sem, 1
Sem,; = get.Sem, ;11 + put.Sem,; 1
(for 0 < i < n)
Sem,,., £ put.Semy ,_1

Sem,, can also be implemented by the parallel composition of n Sem

processes:
Sem” £ Sem | Sem | ... | Sem

N
a
~
@
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Example: Semaphores

Is Sem, ~ Sem"?
For n = 2:

{(Sems 9, Sem | Sem), (Sems 1, Sem | put.Sem),
(Semo 1, put.Sem | Sem)(Sems », put.Sem | put.Sem)}

is a bisimulation.
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Example: Semaphores

Is Sem, ~ Sem"?
For n = 2:

{(Sems 9, Sem | Sem), (Sems 1, Sem | put.Sem),
(Semo 1, put.Sem | Sem)(Sems », put.Sem | put.Sem)}

is a bisimulation.

= but can we get rid of structurally congruent pairs?

26 /43



Semantics

Structural congruence

= over PP is given by the closure of the following conditions:

= for all A(%X) £ Ea, A(J) = {§/X} Ea,
(i.e., folding/unfolding preserve =)

= q-conversion (i.e., replacement of bounded variables).
= both | and + originate, with 0, Abelian monoids

= forall a ¢ fn(P) (P | Q)\{a} =P | Q\{a}

= 0\{a} =0
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Bisimulation up to =

Definition
A binary relation S in P is a (strict) bisimulation up to = iff, whenever
(E,F) € S and a € Act,

) E-5E = F-5F A (ELF)

€
i) F-5F = E-E A (E,F)e

28 /43
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Bisimulation up to =

Definition

A binary relation S in P is a (strict) bisimulation up to = iff, whenever
(E,F) € S and a € Act,

) E-SE = F-5F A(ELF)

S
S

i) F-5F = E-SE A(EL,F)

Lemma
If Sis a (strict) bisimulation up to =, then S C ~

28 /43
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Bisimulation up to =

Definition

A binary relation S in P is a (strict) bisimulation up to = iff, whenever
(E,F) € S and a € Act,

) E-SE = F-5F A(ELF)

S
i) F-5F = E-SE A(E,F)e=

Lemma
If Sis a (strict) bisimulation up to =, then S C ~

= To prove Sem, ~ Sem"” a bisimulation will contain 2" pairs, while a
bisimulation up to = only requires n + 1 pairs.

28 /43



A ~-calculus

Lemma E=F = E~F

= proof idea: show that {(E + E,E) | E € P} U Idp is a bisimulation

29 /43



A ~-calculus

Lemma E=F = E~F

= proof idea: show that {(E + E,E) | E € P} U Idp is a bisimulation

Lemma
(E\K\K" ~ E\(KUK')
E\K ~ E if L(E)N(KUK) =10
(E| F)\K ~ E\K | F\K if L(E)NL(F)N(KUK) =0

= proof idea: discuss whether S is a bisimulation:

S = {(E\K,E)|E€ PAL(E)N (K UK) = 0}

29 /43
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~ IS a congruence

’congruence is the name of modularity in Mathematics

= process combinators preserve ~

Lemma
Assume E ~ F. Then,

a.E~aF
E+P~F+P
E|P~F|P
E\K ~ F\K

30/43
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~ IS a congruence

’congruence is the name of modularity in Mathematics

= process combinators preserve ~

Lemma
Assume E ~ F. Then,

a.E~aF
E+P~F+P
E|P~F|P
E\K ~ F\K

= recursive definition preserves ~

30/43



Bisimilarity

The expansion theorem

Every process is equivalent to the sum of its derivatives

E~ > {aE'|E-E}
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Example

S~M
S~ (T R\{k}
Ni(?TIR)\{k}

7T [ J-R\{k}
~im (i (kT |jR\{k} +4.(T | R)\{k})
~iT (i (kT | R\\{k} +j.i.(k.T | R)\{k})
~ T (i (T | J-RN RS +Je i (T | J-R)\{K})

Let N/ = (T | j.R)\{k}.
This expands into N’ ~ i j.7.(T | J R\{k} +j.i.7.(T | j.R)\{k},
Therefore N’ ~ N and S ~ i.7.N ~ M

= requires result on unique solutions for recursive process equations
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Observable behaviour

Observable transitions

= CPxP
= LU{e}
= A ==-transition corresponds to zero or more non observable
transitions
. a
= inference rules for =-:
I (O1)
E=E

E-SE E=F
(02)

E==F
E=FE E-5F F=F
~ (03) forael
EﬁF 33/43




Observable behaviour

Example

To2jTi+iT,
T]_ IT3
T, 2T
T:=71.Tg

> 1>

>

and

ALijA+jiA
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Observable behaviour

Example

From their graphs,

To

A
N

.
i

i J
A
N
i.A j.A

we conclude that Ty = A (why?).

and

35/43
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Similarit

Behavioural equivalences

Observable behaviour

Observational equivalence

Ex~F
= Processes E, F are observationally equivalent if there exists a weak
bisimulation S st {(E,F)} € S.
= A binary relation S in P is a weak bisimulation iff, whenever
(E,F)e Sand ac LU {e},
) E==E = F=F A (E,F)eS
i) F<F = E=E A (E,F)eS

le.,
~ = U{S CPxP|S isa weak bisimulation}

36
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Observable behaviour

Observational equivalence

Properties
= as expected: =2 is an equivalence relation

= basic property: for any E € P,
E ~ 1.E

(proof idea: idp U {(E,T.E) | E € P} is a weak bisimulation

= weak vs. strict:

~C =~

37/43
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Is ~ a congruence?

Lemma
Let E~F. Then, forany PePand K C L,

a.E~aF
E|P~F|P
E\K ~ F\K

38 /43
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Observable behaviour

Is ~ a congruence?

Lemma
Let E~F. Then, forany PePand K C L,

a.E~aF
E|P~F|P
E\K ~ F\K
but
E+P~F+P

does not hold, in general.

38/43
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Is ~ a congruence?

Example (initial 7 restricts options 'menu’)

i0 ~ 1.0

39 /43
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Is ~ a congruence?

Example (initial 7 restricts options 'menu’)
i0 =~ 7.i.0

However

j0+i.0%.0+7.i0

Actually,

j0+i.0 j0+7.i0

AN AN
w

0
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Observable behaviour

Forcing a congruence: E = F

’Solution: force any initial 7 to be matched by another T‘

Process equality

Two processes E and F are equal (or observationally congruent) iff
i) ExF
i) E-SE = F-5X=F and E'~F

i) F5F = E-5X=FE and E'~F

40 /43



Observable behaviour

Forcing a congruence: E = F

’Solution: force any initial 7 to be matched by another T‘

Process equality

Two processes E and F are equal (or observationally congruent) iff
i) ExF
i) E-SE = F-5X=F and E'~F

i) F>F = E-5X==FE and E'~F'

= note that E # 7.E, but 7.E = 1.7.E

40 /43



Observable behaviour

Forcing a congruence: E = F

= can be regarded as a restriction of = to all pairs of processes
which preserve it in additive contexts

Lemma
Let E and F be processes st the union of their sorts is distinct of L. Then,

E=F = Vgep.(E+ G~ F+G)

41/43



Observable behaviour

Properties of =

Lemma

E~F = (E=F)V (E=71.F)V (T.E=F)

= note that E # 7.E, but 7.E = 17.7.E
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Properties of =

Lemma
So,

the whole ~ theory remains valid
Additionally,

Lemma (additional laws)

aT.E=aE
E+7E=1E
a(E+7.F)=a(E+1.F)+aF

43/43
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